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TWO- and three-dimensional boundary-layer equations have been developed for pseudoplastic 
non-Newtonian fluids which can be characterized by a power-law relationship between sheor 
stress and velocity gradient. The types of potential flows necessary for similar solutions to 
the boundary-layer equations have been determined. For two-dimensional flow the results are 
similar to those obtained for Newtonian fluids. For three-dimensional flow, however, the pos- 
sibility of similar solutions depends on the nature of the expression which describes effective 
viscosity of the fluid. A t  most, similqr solutions are possible only for the case of flow post a 
flat plate where the potential velocity vector is not perpendicular to the leading edge of the 
plate; this is a much more restrictive condition than is obtained for Newtonian fluids. 
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The solution of this equation is beset 

with two difficulties: evaluation of T 

in terms of known variables and solu- 
tion of the resulting differential equa- 
tion. The first difficulty is readily over- 
come in the case of incompressible 
Newtonian fluids: 
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The formulation of r for non-New- 
tonian fluids is a difficult problem 
which has not progressed very far from 
a theoretical standpoint; consequently, 
several empirical descriptions have 
been used with varying degrees of 
success. A number of non-Newtonian 
fluids can be characterized by a so- 
called “power-law” description. 

When n > 1, the fluid is dilatant; 
n < 1 denotes a pseudoplastic fluid. As 
Reiner (8) points out, this is not a law 
at all but merely an empirical descrip- 
tion which in most cases is not entirely 
adequate. Nevertheless, for want of a 
more fundamental understanding, Equa- 
tion ( 3 )  has become a well-established 
device for the description of certain 
fluids. 

Exact solution of Equation (1) has 
been possible for only a few restricted 
types of flow geometries. In an attempt 
to give a wider application to Equation 
( I ) ,  Prandtl in 1904 introduced the 
concept of the boundary layer. This 
concept is based upon the approxima- 

tion that is important only in a thin 
layer near the flow boundaries. The 
boundary-layer approximations for 
Newtonian fluids require that 
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Boundary-layer theory has been of 
great value in determining velocity 
profiles, drag coefficients, and heat 
transfer coefficients for systems involv- 
ing the flow of Newtonian fluids past 
various shapes of solid surfaces (9). 
The purpose of this paper is to discuss 

the applicability of boundarydayer 
theory to the two- and three-dimen- 
sional flow of pseudoplastic power-law 
fluids. Special emphasis is given to the 
formulation of boundary-layer equa- 
tions which provide similar solutions. 

I t  should be noted that a solution of 
the non-Newtonian boundary-layer 
equation has recently been obtained 
for the case of two-dimensional flow 
past a flat plate at zero incidence to 
the free-stream velocity (1 ) . 

BOUNDARY-LAYER APPROXIMATIONS 

The usual application of Equation 
( 3 )  is to symmetrical flow geometries 
where v = w = 0 and a/(&) = 0, x 
being taken in the direction of flow. 
However, general boundary-layer flow 
is more complicated, since one is faced 
with the problem of expressing all the 

components of the tensor T .  It  is at 
this point that the empirical nature of 
Equation ( 3 )  must be remembered. 
The empirical constants K and n are 
usually evaluated with one of the 
standard types of viscometers ( 5 ) ,  but 
there is no a priori reason that the in- 
dices so evaluated will be the appropri- 
ate K and n to use for all the compo- 
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nents of when the fluid i s  undergoing 
a general three-dimensional flow. There 
is a need for experimental study of this 
problem. In the present analysis it will 
be assumed that the fluid is isotropic. 

Whatever form is chosen for a pseu- 

doplastic power-law description of r, 

it is necessary for T to obey the laws of 
tensor transformation and for T=,, to 
have the form given by Equation (3)  
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for simple rectilinear flow. The tensor 

character of r has been discussed by 
Oldroyd (7) ,  who suggests that if 
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then Y , , ,  can be expressed in terms of 

the three invariants of A, namely 
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where lAijl refers to the determinant of 

A. Since the continuity equation for 
incompressible fluids 
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ensures that I ,  is zero, ve t ,  will be a 
function of I ,  and I, .  Hence a possible 
expression for Y,,, in the general case 
is 
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= K C ( 1 2 )  + fl(n, Zz,Zs) I ( 5 )  
where f, is some function which must 
be zero for n = 1 and/or I ,  = 0. These 

restrictions ensure that 7 reduces to 
( 2 )  for a Newtonian fluid and to (3)  
for simple rectilinear flow, since I ,  is 
zero for two-dimensional flow. The 
exact nature of fi is not known, and it 
is of course possible that f ,  is zero for 
all values of I,. Substitution of Equa- 
tion ( 5 )  into (4) results in an expres- 

sion for T which obeys the laws of 
tensor transformation. When the ex- 

ternal force term is neglected, the i 
component of the equation of motion 
for steady flow becomes 
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The other components are similar. 
Equation (6)  may be rewritten in 
dimensionless form by referrinq all 
lengths to a characteristic length and 
all velocities to a characteristic velocity 
U,. Thus if uo,= u/U, ,  v o  = v / U , ,  
xo = x /L ,  p" = p/pU,', etc., and the 
coordinates are chosen as shown in 

Figure 1 

au " duo auo u o  -- + 0" -- + w" -- =- 
ax" ayo az" ax" 

+ 

f " * ( n , L ,  I S ) I ~ " l }  ( 7 )  
Following Schlichting ( 9 ) ,  one can 
determine the relative magnitudes of 
the terms in Equation (7), if the usual 
boundary-layer approximation is made; 
namely that the dimensionless ratio of 
the boundary-layer thickness to the 
characteristic length is small. Hence 
6 << 1. The characteristic velocity is 
of the order of magnitude of the veloc- 
ity outside the boundary layer, and so 
uo is of order one. Also L is selected 
so that (&")/(axo) Zl ,  and it is as- 
sumed that w o  and ( a w o ) / ( d z o )  are 
of an order of magnitude 21. Then if 
one defines a Reynolds number R = 
L"/(KU,*') and assigns to it a magni- 
tude R,, the magnitudes of the terms 
in Equation (7)  are as follow: 
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The quantity v o  is of the order 6, since 

the continuity equation reauires --- 
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Only the largest terms have been re- 
tained in Term 5 for n>O. The quan- 
tity f O * ,  which denotes the signscant 

terms of the operation i * v o  *[folAo],  
is assumed to be of no greater order of 
magnitude than the largest terms which 

result from i .  v o  . C ( I O ~ ) ~ Z I .  TO 
give indentical orders of magnitude to 
the inertial and friction terms of Equa- 
tion ( 7 ) ,  R ,  must be of order 1/6"". 

From the dimensionless equation of 

motion in the j direction one finds that 
(ap")/(ay") can be of no greater 
magnitude than 6. This means that 
(ap")/(ax") must be of the same 
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order of magnitude within the bound- 
ary layer as it is in the potential-flow 
region outside the boundary layer. 
Hence the boundary-layer approxima- 

tion for the i component of the equa- 
tion of motion becomes 

A 

where U = U ( x , z )  and W=W(X,Z). A 

similar analysis for the k component 
of the equation of motion results in 
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I t  is important to recognize that the 
applicability of Equations (8) and (9) 
is determined in part by the extent to 
which the inequality 

1 
fir--->> 1 

6"" 

is true and that R does not depend on 
the effective viscosity in the same way 
that it does on the viscosity of a New- 
tonian fluid. Thus while it is some- 
times stated that boundary-layer theory 
applies to liquids of low viscosity and 
therefore not to non-Newtonian fluids, 
which are characterized by a "high" 
viscosity, it is the magnitude of the 
Reynolds number which is ultimately 
the criterion for applicability. For ex- 
ample, for a 33% lime suspension in 
water flowing under such conditions 
that L = 1 ft. and U ,  = 5 ft./sec., 
using the rheological properties tabu- 
lated by Metzner ( 5 )  one finds that 
R E 310 or 6 E 7 X lo-', thus fulfilling 
the condition 6 <<1. 

SIMILAR SOLUTIONS 
One of the important considerations 

of boundary-layer theory is a deter- 
mination of the types of potential flows 
for which the boundary-layer equations 
will possess similar solutions. Solutions 
which provide expressions for u / U  or 
w / w  as functions of a single param- 
eter 7,  where 7 = 7 (x, y, z )  , are simi- 
lar. A study of similar solutions has 
been made by Hansen and Herzig ( 3 )  
for incompressible Newtonian fluids in 
three-dimensional flow and by Schlicht- 
ing and others (2, 4, 9)  for two-dimen- 
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sional flow. The remainder of this paper 
is concerned with similar solutions for 
pseudoplastic non-Newtonian fluids 
which can be characterized by a power- 
law relationship such as that of Equa- 
tion ( 5 ) .  Only similarity with respect 
to rectangular Cartesian coordinates is 
considered in the present analysis. It is 
possible that more general results can 
be obtained by the use of an approach 
analogous to that outlined by Morgan 
(6). 

As before, the potential velocity is 
given by 

u = U ( x , z )  

w = W(x, 2) 

TWO functions F ( 7 )  and G(7) are de- 
fined so that 

u = UF'(7)  (10) 

w = WG(7)  (11) 
The prime denotes differentiation with 
respect to q, where 

The form of 7 is analogous to that of 
the similarity parameter commonly 
used with Newtonian fluids. I t  is pos- 
sible that other similarity parameters 
could be used (4. reference 3), but 
they do not appear to have any ad- 
vantage over Equation (12). 

The boundary conditions require that 

Following Hansen and Herzig ( 3 ) ,  one 
can show from the continuity equation 
that 

where F ( 0 )  = G(0) = 0. 
Application of Equations (10) through 
(13) to Equation (8) and subsequent 
conversion to dimensionless quantities 
result in 

The explicit Reynolds number dependence is removed by setting N = 1/ 
(n+ 1 ) . Rearranging terms yields 

1 avo alnuo [(F')'- F F  - 11 + W" --- [F'G' - 11 - --_--- ___ 
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A similar result is obtained from Equation (9) : 

1 awo dlnW" 
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If Equations (15) and (16) can be 
expressed in terms of functions of q 
alone, the equations will be ordinary 
differential equations and solutions will 
provide the form of F' and G to be 
used in Equations (10) and (11). 
Such solutions for u / U  or w/W are 
similar. The author wishes to establish 
the types of three-dimensional poten- 
tial flows which will permit elimination 
of all quantities from Equations (15) 
and (16) which are not expressible as 
functions of 7 alone. An immediate 
problem is posed by the presence of 

W/U and U/W in the right sides of 
Equations (15) and (16) respectively. 
If the equations are to reduce to ordi- 
nary differential equations, it is ap- 
parent that one must have W/U = 
const. unless F" and G are zero. How- 
ever the latter condition does not per- 
mit fulfillment of the boundary condi- 
tions for Equations ( 10) and ( 11). 

If W/U = const. and it is presumed 
for the moment that fl is zero, Equa-. 
tions (15) and (16) can be expressed 
as ordinary differential equations in 7) 

for the case where n<l  if 

where the a, represent proportionality 
coefficients not equal to zero, and it 
has been assumed that all the terms in 

those arising from fl have nonzero 
values. The requirement of propor- Therefore 

tionaliv between u and 
stated in Equation (17) : 

is 

Equations (15) and (16) other than (U0) ld  = (,")1-* 

RN(**1)-1_d_ { [ (p) 8 + 

KLgn+' 

(18) 

Equation (18) can be satisfied only if 
auo/axo  = 0, a condition which is 
incompatible with the statement that 
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Fie. 1. Orientation of coordinate system with 
respect to solid surface. 

no terms of Equation (17) are zero. A 
similar result is obtained for dW"/dz" 
from the requirement that &( U0)- 

( az" ) . Hence for similar solutions 
( awo) / ( azo )  = a, (Wo)l-" (awe)/ 

dU" awo --- = -- = 0 
ax" azo 

W" 
--- = const. 
U" 

U" = const. 
W" = const. 

or 

If U" and W" are constant, the simi- 
larity condition reduces to 

alng 

ax " 
= al,(W")'" u" ___ 

Equation (19) leads to the result 

1 1 
as a, 

g"" = fk(n+l) [ --(u")n-'x" + -- 

(wo)%o] (20) 

The above analysis shows that similar 
solutions to the three-dimensional 
boundary-layer equations can be ob- 
tained only for the case of flow past 
a flat plate, where the potential veloc- 
ity vector is not parallel to one of the 
coordinate axes. On the other hand, 
similar solutions for Newtonian fluids 
exist for several types of potential flows 
(3). If the potential velocity vector is 
perpendicular to the leading edge of 
the plate, the flow is really two dimen- 
sional, but the coordinate axes have 
been chosen in such a way that W + 0. 
For such a flow I,, and therefore fl, 
are zero. However, U" = const. and 
W" = const. may also describe 
flow past a flat plate whose leading 
edge is not perpendicular to the poten- 
tial velocity vector. In this case fl may 
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be nonzero, and additional proportion- 
ality conditions may preclude similar- 
ity. Thus at most one can expect simi- 
lar solutions to the three-dimensional 
boundary-layer equations only for the 
case of flow past a flat plate where the 
potential velocity vector is not perpen- 
dicular to the leadin edge of the plate. 

It should be note i that the terms of 
Equations (15) and (16) could have 
been collected differently; however, 
the results would not be affected. 

Next the case of two-dimensional 
flow is considered, where Wo = 0, 
U" = U o ( x ) ,  and g = g ( x ) .  Equa- 
tion (15) reduces to 

Equations (24) and (27) can be sim- 
plified by choosing g in such a way 
that a = 1 (when one assumes a =+ 0). 
Such an operation will alter g only by 
a constant factor and therefore will not 
interfere with the analysis. If one then 
defines 

k? 
n+l + B(1-2n) Y =  

When one sets 

g" d ( U " g )  a =  -----_______ 
(UO)*l dx " 

g"" dU" p = ------ ___ 
(U0)"--l dx" 

and 

Equation (21) becomes 

p[1- (F')'] + aFF" 

and has a form identical to that given 
by Schlichting (9). 

If Equation (22) is to possess simi- 
lar solutions, it is a necessary condition 
that a and fi  be constants. Furthermore 
from the definitions of a and @ 

d 
dx " --- [g"" (U")"] 

= a(n+l) + /3(1-2n) (23) 
If one stipulates that a (n + 1) + 
(1-2n) + 0 and that g"" (Uo)a-n = 0 
at x = 0, Equation (23) can be inte- 
grated to give 

g = { ( uo)"-zxo 

&UO dh5 (c@) ----- = @ (25) 
dx" dx" 

so that 

(U0)o -8  =Age (26) 
Combining Equations (24) and (26) 

leads to the result 

Equations (24) and (27) become 

These two equations show that for the 
case of a=+ 0 and ,(n+l) + /3(1-2n) 
+ O similar solutions are possible 
whenever the potential velocity is pro- 
portional to x o  raised to some power. 
This is exactly the same conclusion 
which is obtained for Newtonian fluids 

If for example a potential flow-can 
( 9 ) .  

be described by 

U" = a(%") ,  (31) 

the boundary-layer equation can be 
transformed by setting 

g = [ an-Z(x")"'"-""_-______ n+l 1:; 1 +c ( 2n-1) 

Then from Equation (12) 

ll=y l+c (2n-1) 

For the special case where a = 0, 
Equations (24) and (27) reduce to 

1 - 
g =  [(U")"-*~"~(1-2n)]"+~ (32) 

U" = [Ad~ofi(1-2n)]z' (33) 

In the event that a =i= 0 but a (n+l)  
+ B( 1-2n) = 0, one obtains from 

n+l 1 
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Equation (23) 
(34) 

Using the definition of fi  along with 
the special constraint which relates a 
and 8, one gets 

gn+l ( U")," = B 

n-2 dhU" 
n + l  dx" 

a - $ = --- B _-__ (35) 
or 

where 
(36) u" = Cemzo 

m = ( - -  n + l  a-fi 

I 

Equation (36) is identical in form to 
the result obtained for Newtonian 
fluids when 2cu - ,6 = 0. 

From the definitions of a and B 

When one substitutes Equation (36) 
into (37) and integrates, 

NOTATION 

A - - constant of integration 
in Equation (26) 
constant in Equation 

proportionality constants 
in Eauation 117) 

(31) 

1 \ -  I 

B = constant of integration 

c = constant of integration 

C = constant in Equation 

F = function o f ?  
f = external force 
f l  = function defined by 

Equation ( 5 )  
f ?C = largest terms which re- 

sult from the operation 

in Equation (34) 

in Equation (36) 

(31) 
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Greek Letters 
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(Q-fiB)(n+l) 0 fs. = largest terms which re- 

C""m (n-2) sult from the operation ; 

= function of r )  2 

- (..-PI (n+1> [g (0) ] - -- -__-___ 7 
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(38) g"+l = _________ @mz (n-2) 

A 

k . v o *  [f."';;"] P 
In this case g(0) has been chosen so 
that G 

g CZnm (n-2) A 

I 
I,, Is, I ,  = the three invariants as- 

= function of x and z 

= unit tensor 
711 

4 The function g can again be chosen in 
such a way that a =I;  then 

and 
( n+ 1) c n - 2  em(n-z)zo 

(39) 

Equation (39) gives g in terms of 
quantities known from the potentiai 
velocity and from the physical prop- 
erties of the fluid. 

g"" = - -_______-___ 
m(2.n-1) 

SUMMARY 

The foregoing analysis shows that 
similar solutions to the boundary-layer 
equations for pseudoplastic power-law 
fluids are mathematically possible for 
certain types of potential-velocity re- 
lationships. In two-dimensional flow 
the potential flows which permit simi- 
lar solutions are analogous to those 
which allow similar solutions in the 
case of Newtonian fluids. In three- 
dimensional flow the possibility for 
similar solutions depends on the form 
of fl. At most, similar solutions will be 
possible only for the case of flow past 

* a flat plate where the potential-velocity 
vector is not perpendicular to the 
leading edge of the plate. This is a 
much more restrictive result than is 
obtained for Newtonian fluids in three- 
dimensional flow. 
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sociated with A 

= unit vectors in the direc- 
tions shown in Figure 1 

= kinematic fluid consist- 
ency index 

= characteristic length 
= (;-&-:) n + l  0-8 ;-- 

1 -  - - -__- 
n + l  

= flow-behavior index 
= pressure 

L" 
KU,"-' 

- - --_-- 

= order of magnitude of R 
= potential velocity compo- 

nents in the i, j ,  and k 
directions, respectively 

= velocity components in 

the i, i, and k directions, 
respectively 

- -  A 

-2 a 

-L 

= the it" component of V 
= characteristic velocity 

which is of the order of 
magnitude of the poten- 
tial velocity 

= velocity vector 
= distance components in 

the i, j ,  and k directions, 
respectively 

= x, y, or z for i =  1, 2, 
or 3, respectively 

-2 4 

B - - -----_-__-_ 
n+1+/3 (1-2n) 

= v v + (V.V)+ 
av, av, 

ax, ax, 

YR" 
L g ( x , z )  

4 A 

= ---+--- 

= dimensionless boundary- 
layer thickness 

- - ----_- 

= viscosity 
= kinematic viscosity 
= effective kinematic vis- 

cosity defined by Equa- 
tion (4)  

= pressure tensor 
= density 

- L A  
4 -  

= w - z p  
= component of the pres- 

sure tensor on the j face 
of an element of fluid 

and acting in the i direc- 
tion 

A 

a 

Superscripts 
0 denotes dimensionless 

quantity 
denotes differentiation 
with respect to 

= transpose of V V  
-.A 

( vF)+ 
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